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Abstract. We study the Cauchy problem for a general homoge- 
neous linear partial differential equation in two complex variables 
with constant coefficients and with divergent initial data. We state 
necessary and sufficient conditions for the summability of formal 
power series solutions in terms of properties of divergent Cauchy 
data. We consider both the summability in one variable t (with 
coefficients belonging to some Banach space of Gevrey series with 
respect to the second variable z) and the summability in two vari- 
ables (i, z). The results are presented in the general framework of 
moment-PDEs. 



1. Introduction 

The problem of summability of formal solutions of linear PDEs was 
mainly studied under the assumption that the Cauchy data are conver- 
gent, see Balser [3], Balser and Loday-Richaud [5], Balser and Miyake 
[6], Ichinobe [8], Lutz, Miyake and Schafke [9], Malek [10], Michalik 
[IIl[T2l [13] and Miyake [15]. 

The case of more general initial data was investigated only for the 
complex heat equation (see Balser [US]). In [I] Balser considered the 
case of entire initial data with an appropriate growth condition and 
he gave some preliminary results for divergent initial data, too. Next, 
these results were extended in [I] , where a characterisation of summable 
formal power series solutions of the complex heat equation in terms of 
properties of divergent Cauchy data was given. 

The aim of our paper is a generalisation of Balser's results [TJ H] to 
homogeneous linear partial differential equations with constant coeffi- 
cients. 

Namely, we consider the initial value problem for a general linear 
partial differential equation with constant coefficients in two complex 
variables (t, z) 

(1) P(d t ,d z )u = 0, #u(0, = (j = 0,...,n-l), 
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where P(X, () is a polynomial in both variables of degree n with respect 
to A and the Cauchy data <Pj(z) = Y^=o ¥jn zn G C[[z]] are formal 
power series. 

We study the Gevrey asymptotic properties of formal power series 
solutions u for a fixed Gevrey order of the initial data. Moreover, we 
characterise the multisummable formal solutions u of ([!]) in terms of 
the Cauchy data. 

The results are expressed in the general framework of moment dif- 
ferential equations with the differentiations d t and d z replaced by more 
general operators of moment differentiations d mi)t and d m2)Z respec- 
tively (see Definition [T2|) . The general moment differential equations 
were introduced by Balser and Yoshino [7], who studied the Gevrey 
order of formal solutions of such equations. A characterisation of the 
multisummable formal solutions of moment differential equations in 
terms of analytic continuation properties and growth estimates of the 
Cauchy data was established in our previous paper [H] under the as- 
sumption of convergence of the Cauchy data. In the present paper we 
continue the study without this assumption. Additionally we consider 
a wider class of moment functions, which is a group with respect to 
multiplication, and so the set of moment differential operators contains 
some integro-differential operators (see Example E]) . 

We give a meaning to summability of formal solutions u in two vari- 
ables by two methods. In the first one we treat u as a formal power 
series in t- variable with the coefficients belonging to some Banach space 
of Gevrey series (in z- variable). This situation is carried over by the 
general theory of summability developed by Balser [2|. In the sec- 
ond method we study summability of u in two variables (t, z) using 
approaches used by Balser jl] and by Sanz [TO] . 

The main idea of the paper is based on the use of appropriate moment 
Borel transforms B m > t and B m > 2tZ (see Definition [S]), which transform 
the formal solution u of the equation P(d mitt ,d m2tZ )u = with the 
divergent Cauchy data <pj into the analytic solution v = B m ' itt B m ' 2tZ u 
of the equation P(d mim > itt , d m2m ' 2>z )v = with the convergent Cauchy 
data B m ' )Z (pj. On the other hand we are able to define the summability 
of u (both in t and in (t, z) variables) in terms of analytic continuation 
properties of v. In this way, analogously to [14], we reduce the problem 
of summability of u to the problem of analytic continuation of v. 

In the case of summability of u with respect to t- variable, it is suf- 
ficient to apply our previous result [HJ Theorem 3], which establishes 
relation between the analytic continuation properties of v (with re- 
spect to t) and the Cauchy data B m >^ z (py In the case of summability 
of u in two variables (t, z) the situation is more complicated, since we 
have to study the analytic continuation properties of v with respect to 
both variables. To this end we characterise the analytic continuation 
properties of v in two variables (t, z) in terms of the Cauchy data. 
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Finally, in both cases we obtain a characterisation of the multi- 
summable formal solution u of moment differential equations in the 
terms of the divergent initial data (pj. 

2. Notation 

We use the following notation. The complex disc in C n with centre 
at the origin and radius r > is denoted by D™ := {z e C" : \z\ < r}. 
To simplify notation, we write D r instead of D^. If the radius r is not 
essential, then we denote it briefly by D n (resp. D). 

A sector in a direction d G R with an opening e > in the universal 
covering space C of C \ {0} is defined by 

S d ( £ ) :={zeC: z = re ie , d - e/2 < 9 < d + e/2, r > 0}. 

Moreover, if the value of opening angle e is not essential, then we denote 
it briefly by Sd- 

Analogously, by a disc-sector in a direction d G R with an opening 
e > and radius r > we mean a domain Sd(s] r) := Sd(e) U D r . If 
the values of e and r are not essential, we write it Sd for brevity (i.e. 
S d = S d UD). 

By 0{G) we understand the space of holomorphic functions on a 
domain G C C n . Analogously, the space of analytic functions of 
the variables z^ K1 , . . . , zl/ Kn ((ki, ■ ■ ■ , k„) G N n ) on G is denoted by 
Ox/ Kl! _ t i/ Kn (G). More generally, if E denotes a Banach space with a 
norm || • || E , then by 0(G, E) (resp. C , i/ Kl ,...,i/ Kn (G', E)) we shall denote 
the set of all E- valued holomorphic functions (resp. holomorphic func- 
tions of the variables z\ , . . . , Zn Kn ) on a domain G C C n . For more 
information about functions with values in Banach spaces we refer the 
reader to [21 Appendix B]. In the paper, as a Banach space E we will 
take the space of complex numbers C (we abbreviate 0{G, C) to 0{G) 
and Oi/ K1 ,...,1/^ (G,C) to Oi/« 1 ,... ) i/ re „(G')) or the space of Gevrey series 
Gs,i/k,(j) (see Definition [7]) . 

Definition 1. A function u G 0\/ K {Sd{s] r), E) is of exponential growth 

of order at most K G R as t — > oo in Sd(s; r) if for any e G (0, e) and 
r G (0, r) there exist A, B < oo such that 

\\u(t)\\ E < Ae mK for every teS d (e;r). 

The space of such functions is denoted by Oy K (Sd(e; r), E). 

Analogously, a function w G C , i/ K1 ,i/K 2 ('S'di( £: i; r i) x Srf 2 ( £ 2; ?"2)) is of 
exponential growth of order at most (Ki,K 2 ) G 1R 2 as (t, — )■ oo in 
Sd 1 (£i;r 1 )xSd 2 {e 2 ;r 2 ) if for any G (0,e») and any ^ G (0,rj) (z = 1,2) 
there exist A,Bi,B 2 < oo such that 

KM)| <Ae Bl l*l" 1 e B2 l 2 l" 2 for every G ^(e^ri) x ^ 2 (£ 2 ;f 2 ). 
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The space of such functions is denoted by Of^l/^S^ (si, ?r) xS^^! r 2))- 

The space of formal power series u{t) = Yl'jLo Ujt^ K with Uj G E 
is denoted by E[[£«]]. Analogously, the space of formal power series 
u(t,z) = T,™ n =o u jnt j/Kl z n/K2 with u jn G E is denoted by E[t^,z^}}. 
We use the "hat" notation (u, v, (p, if), /) to denote the formal power 
series. If the formal power series u (resp. v, <p, if), f) is convergent, we 
denote its sum by u (resp. v, ip, if), f). 

3. Moment functions 

In this section we recall the notion of moment methods introduced 
by Balser g]. 

Definition 2 (see [2J Section 5.5]). A pair of functions e m and E m 
is said to be kernel functions of order k (k > 1/2) if they have the 
following properties: 

1. e m G 0(So(ir/k)), e m (z)/z is integrable at the origin, e m (x) G 
HL+. for x G R+ and e m is exponentially flat of order k in So(7r/fc) 
(i.e. V £ >o3,4,_b>o 

such that \e m {z)\ < A e -^ /B)k for z G S {ir/k- 

e)). 

2. E m G O k (C) and E m {l/z)/z is integrable at the origin in 

S n (27l -7l/k). 

3. The connection between e m and E m is given by the correspond- 
ing moment function m of order 1/k as follows. The function 
m is defined in terms of e m by 

POO 

(2) m(u) :— / x u ~ 1 e m (x)dx for Ren > 

Jo 

and the kernel function £" m has the power series expansion 

oo n 

(3) E m (z)=Y^^— for zgC. 

' m(n) 

Observe that in case k < 1/2 the set S n (2ii — n/k) is not defined, 
so the second property in Definition [2] can not be satisfied. It means 
that we must define the kernel functions of order k < 1/2 and the 
corresponding moment functions in another way. 

Definition 3 (see [2j Section 5.6]). A function e m is called a kernel 
function of order k > if we can find a pair of kernel functions e m and 
Efn of order pk > 1/2 (for some p G N) so that 

e m (^) = e m (z 1/p )/p for z E S(0, n/k). 

For a given kernel function e m of order k > we define the correspond- 
ing moment function m of order 1/k > by (E]) and the kernel function 
E m of order k > by ©. 
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Remark 1 . Observe that by Definitions |2] and [3] we have 



oo 

m(u' 



m{pu) and E m (z) = 



We extend the notion of moment functions to real orders as follows 

Definition 4. We say that m is a moment function of order 1/k < 
if 1/m is a moment function of order — 1/k > 0. 

We say that m is a moment function of order if there exist moment 
functions mi and m 2 of the same order 1/k > such that m = mi/m 2 . 

By Definition H] and by j2[ Theorems 31 and 32] we have 

Proposition 1. Let m 1; m 2 fre moment functions of orders Si,s 2 G K 
respectively. Then 

(1) mim2 is a moment function of order si + S2, 

(2) mi/ 1712 is a moment function of order s± — s 2 . 

Remark 2. By the above proposition we see that the set Ai of all 
moment functions endowed with the multiplication operation has the 
structure of group (Ai, ■). Moreover, the map ord : (Ai, •) — > (Z, +) 
defined by ord (m) := s for every moment function m of order s, is a 
group homomorphism. 

Example 1. For any a > 0, b > 1 and fc > we can construct the 
following examples of kernel functions e m and E m of orders k > with 
the corresponding moment function m of order 1/k satisfying Definition 
E]or[3j 

• e m (z) = akz bk e~ zk , 

• m{u) = aT(b + u/k), 

• E m (z) = - J2j=o r(b+j/k) ■ 

In particular for a = b = 1 we get the kernel functions and the cor- 
responding moment function, which are used in the classical theory of 
/c-summability. 

• e m (z) = kz k e~ z \ 

• m{u) = T(l + u/k), 

• E m (z) = XJLo^AX 1 + ='■ Ei/ fe (2:), where E 1/k is the 
Mittag-Lefner function of index 1/k. 

Example 2. For any s 6 R we will denote by r s the function 

T(l + su) for s > 
l/r(l - su) for s < 0. 

Observe that by Example [1] and Definition HI T s is an example of mo- 
ment function of order s G R. 

The moment functions T s will be extensively used in the paper, since 
every moment function m of order s has the same growth as T s . Pre- 
cisely speaking, we have 



r s (u) 
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Proposition 2 (see [2J Section 5.5]). If m is a moment function of 
order seR then there exist constants c,C > such that 

c n F s (n) < m(n) < C n T s (n) for every nGN. 

4. Moment Borel transform, Gevrey order and Borel 

summ ability 

We use the moment function to define the Gevrey order and the 
Borel summability. We first introduce 

Definition 5. Let k G N and m be a moment function. Then the 
linear operator B mx i/ K : E[[a>]] — > E[[x«]] defined by 

oo oo 

&m,xV« \2_^ U i X ) := m (j/ K ) X 
3=0 3=0 U/ 7 

is called an m-moment Borel transform with respect to 

We define the Gevrey order of formal power series as follows 

Definition 6. Let kgN and s 6 R. Then w G E[[x«]] is called a 
formal power series of Gevrey order s if there exists a disc DcC with 
centre at the origin such that B TsX i/ K u G Ox/ K (D,K). The space of 

formal power series of Gevrey order s is denoted by E[[a>]] g . 

Analogously, if k,i,k 2 G BJ and si,S2 G R then w G E[[t K i , z K 2 ]] is 
called a formal power series of Gevrey order (si,S2) if there exists a 
disc .D 2 C C 2 with centre at the origin such that B r t i/ Kl B r i/K a « G 

C , i/Ki,i/ft 2 (-D 2 ) E). The space of formal power series of Gevrey order 

i i 

0i,s 2 ) is denoted by E[[t «i , ]] S1)S2 . 

Remark 3. By Proposition [21 we may replace T s (resp. T Sl and r s2 ) 
in Definition [6] by any moment function m of order s (resp. by any 
moment functions m\ and r«2 of orders S\ and S2). 

Remark 4. If m G E[[o;«]] s and s < then the formal series u is con- 
vergent, so its sum u is well defined. Moreover, u G E[[x~]] u G 
C Vk (D,E) and u G E[[x^)) s & u G Oj^E) for s < 0. 

By Definitions [5] and [6] we obtain 

Proposition 3. For every u G E[[a>]] the following properties of mo- 
ment Borel transforms are satisfied: 

• B mi x i/ K B m2 x i/kU = B miTn2 X i/ K u for every moment functions mi 
and rri2 . 

• 6 miJ .i/J 1/miJ .i/ K u = B l/miX i/ K B mtX i/ K u = B hx i/ K u = u for every 
moment function m. 

• u G E[[x«]] Sl B mx i/ K u G E[[x«]] Sl _ s for every s, si G R and 
/or even/ moment function m of order s. 
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As a Banach space E we will take the space of complex numbers C 
or the space of Gevrey series G Sj x/ K (r) defined below. 

Definition 7. Fix k G N, r > and sGl By G S) i/ K (r) we denote a 
Banach space of Gevrey series 

G Sjl/K (r) := {(f> G C[[z"]] s : B Ta>z y K (p G Oy K (D r ) D C(D~ r )} 

equipped with the norm 

ll£lk lVlI (r) := max|# r i/ K (p(z)\. 

\z\<r 

We also set G Sj y K := YimG s>1 j K (r). Analogously, we define Oi/^(G, G S) i/ K ) : = 

r>0 

\imO irK (G,G sA/K (r)) and 0^(G,G atl/K ) := ^^(G, G S)1/re (r)). 

r>0 r>0 

Moreover, we denote by G ? S2j i/ K [[t]] sl the space of formal power series 
u(t, z) = Y^=oUj(z)P of Gevrey order si with coefficients Uj(z) G 
G S2 ,i/ K - 

By Definitions [BJ [3, Remark [3] and Proposition [3] we conclude 

Proposition 4. For even/ k G N, s,s G K (resp. si,S2,s G and 
for every moment function m of order s the following conditions are 
equivalent: 

• «6C[[i«]]s (resp. u eC[[t,z«]] Slj8 J, 

• B Tb X i/ k u G Oi/ k (D) (resp. Br Sl , t B TB2>z i, K u G 1>1/lt (D 2 )), 

• t/iere exists r > swc/i thatu G G s> i/ K (r) (resp. u G C S2i i/ K (r)[[t]] sly ) ; 

• we G s ,i/ K ("resp. w G G^.WMLJ; 

• B m>x i/ K u G C[[a;»]] s _, fresp. 8 m)Z i/«« G Gf aa -*,i/«[[t]],J. 

Now we are ready to define the summability of formal power series 
in one variable (see Balser [2]) 

Definition 8. Let k G N, K > and del, Then u G E[[ar«]] is 
called K-summable in a direction d if there exists a disc-sector Sj in a 
direction d such that S r )X i/kU G C^ K (Sd,E). 

Remark 5. By Definitions [7] and [HJ w G G Si i/ K [[i]] is .fT-summable in a 
direction d if and only if Br 1/K: tB rsZ i/ K u G O^yJ^S^xD). Moreover, we 
may replace T s in the above characterisation by any moment function 
m 2 of order s. 

We can now define the multisummability in a multidirection. 

Definition 9. Let K\ > • • • > K n > 0. We say that a real vector 
(di, . . . , d n ) G W 1 is an admissible multidirection if 

\dj - dj-xl < n(l/Kj - 1 /Kj-t) /2 for j = 2, . . . , n. 

Let K = (K 1: ...,K n ) G and let d = (di, . . . , d„) G M n be an 
admissible multidirection. We say that a formal power series w G E[[x]] 
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is K-multisummable in the multidirection d if u = Ui + ■ — h u n , where 
Uj G is i^-summable in the direction dj for j = 1, . . . , n. 

Following Sanz [16] we extend the notion of summability to two 
variables 

Definition 10. For k 1: k 2 G N, K 1: K 2 > and d l} d 2 G R the 
^ — — 

formal power series u G C[[£ K i , z K ^\\ is called (Ki, K 2 )-summable in 
the direction (d±, d 2 ) if there exist disc-sectors S dl and S d2 such that 

B r , j-i/ki Br , ..i/koU G Ci /„' i 2 / ('S'di x iS'rf,). 

J-i/K-pt' 1 1 1/Jf 2 ' 1/ki,1/K2 v U1 " 2y 

Remark 6. By the general theory of moment summability (see J2J Sec- 
tion 6.5 and Theorem 38]), we may replace Ti/k in Definition [8] (resp. 
Fi/Ki an d ^i/k 2 i n Definition [TU]) by any moment function m of order 
1/K (resp. by any moment functions m\ of order 1/K\ and m 2 of order 
l/^ 2 ). 

More general approach to summability in several variables was given 
by Balser [3]. Namely, he introduced 

Definition 11. Let Sl ,s 2 > 0, O C {(to, 2b) e (CUO}) 2 : ||(to,2o)|| = 
1} be bounded, open and simply connected and let 

G = {(M)G(CU0}) 2 : (t,z) = (x s H ,x s *z ), (t ,z )eO, x>0}. 

Then we say that G is a (s\, s 2 ) -region of infinity radius with an opening 
O. 

Moreover, for k±, k 2 G N the formal power series 

00 

u(t,z) = J2 u jn V /Kl z n / K2 G C[[t^,z^}} 

j,n=0 

is called (1/si, l/s 2 )-summable in the direction O if 

00 

(1 ' 2) 1 ^ n r(l + s 1 j/k 1 + s 2 n/n 2 ) 

belongs to the space Oi/ Kl! y K2 (G U D 2 ) and for every O' <s O there 
exist A, S > such that 

|B( SliS2 )w(a; sl to,:E S2 2o)| < Ae Bx for every (t ,2 ) GO', x > 0. 

In the paper we will consider only the situation, when G is a poly- 
sector x S d2 with an opening 

O = O dl42 := {(t , zb) e 5 dl x 5 d2 : || (t , z ) \\ = 1}. 
In this case, immediately by Definition [11], we get 

Proposition 5. Let Si,s 2 > 0, di,d 2 G R and Ki,k 2 G N. T/ien t/ie 

1 1 

formal power series u G C[[t ^ , z K 2 ]] is (1/ 'si,l/ ' s 2 )-summable in the 
direction O dl42 if and only if B( SliS2 )U G 0\^£fj > * 2 (S dl xS d2 ). 
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The connection between the Borel type transforms £>r si t £>r S2 z and 
B( aua2 ) is given in the next lemma. 

Lemma 1. Let si,s 2 > and u G C[[t, z]]. Then the formal power 
series v(t, z) := Bp t Bp z u(t, z) andw(t,z) := B( SltS2 )u(t, z) are con- 
nected by the formula 

w{t,z) = {l + s 1 td t + s 2 zd z ) [ v(te s \z{\- e) S2 )de. 

Jo 

Proof. Let u(t, z) = Y^Zn=o u knt k z n - Then 

V[t,Z)= > — : — — r and W(t, Z) — > : r 

1 } k j^ r(l + k Sl )T(l + ns 2 ) K } k j^ Q T(l + k Sl + ns 2 ) 

Using properties of the beta function 

1 e ^(l " en de = 5(1 + k Sl + ns 2 ) - F(1 + ^ l)r(1 + ^ 



T(2 + ksi + ns 2 ) 



we conclude that 



/ v{te s \z{l -e) S2 )de 
Jo 



^ r u + ksi r a + nso ).L v ; 



E 



h _ Q T{2 + ks 1 + ns 2 ) 



Hence 



w(t, z) = (1 + sitdt + s 2 zd z ) [ v(te s \z(l -e) S2 )de. 

Jo 



□ 



Remark 7. In Theorem [3] we will show that if u £ C[[t,z^]\ is a formal 
solution of ( TT3|) then 

Br n ,#r n j/M G O l ^ /s \S dl xS d2 ) e> B [si>S2) u e O l ^ /s \S dl xS d2 ). 

In other words, for such u we have the equivalence between (1/si , 1/ s 2 )- 
summability in the direction (di, d 2 ) (introduced by Sanz) and (1/si, ^/s 2 )- 
summability in the direction O dl)d2 (introduced by Balser). In our 
opinion it should be possible to extend the general theory of moment 
summability (see Balser [2, Section 6.5]) to several variables and to 
show that the above equivalence holds for every formal power series 
ue C[t, z\\. 



10 slawomir michalik 

5. Moment operators 

In this section we recall the notion of moment differential opera- 
tors constructed recently by Balser and Yoshino \7\. We also extend 
the concept of moment pseudodifferential operators introduced in our 
previous paper [Hj. 

Definition 12. Let m be a moment function. Then the linear operator 
d mx : E[[ar]] -> E[[x]] defined by 



oo oo 

m,x V ' mf?'l / ^— ' ra( 



m(?) / ' m(j) 



x 3 



is called the m-moment differential operator d m>x . 

More generally, if k G N then the linear operator d m X i/ K : E[[i«]] — > 
E[[x«]] defined by 



oo oo 



, , , , r 

i=o w/ ' i=0 

is called the m-moment 1/ K-fractional differential operator d mx i/ K . 

Example 3. Below we present some examples of moment differential 
operators. 

• For m{u) = Ti(u), the operator d mtX coincides with the usual 
differentiation d x . 

• For m(u) = T s (u) (s > 0), the operator d mjX satisfies 

(d m>x u)(x s ) = d s x (u(x s )), 

where <9* is the Caputo fractional derivative of order s defined 
by 



oo 



x SJ . 



• For m{u) = 1, the corresponding operator d m>x satisfies 

d m Ja{x) = for every u(x) = '^^UjX J G E[[x]]. 

X j=o 

• For m(u) = r_i(w), the operator d m ^ x satisfies 

d mx u(x) = — dy for every u(x) = > UjX 3 G E[[x]l. 

•'• Jo •'/ f% 

• For m(w) = (s > 0), the operator d m ^ x satisfies 

-| ^/ q\ OO 

(<9 mrE u)(x S ) = — <9~ S ; for ever Y U(x) = ^UjX 3 G E[[x]], 
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where d~ s is the right-inversion operator to d s x and is defined 
by 

oo 



X 



The moment differential operator d myZ is well-defined for every ip G 
0(D). In addition, we have the following integral representation of 

Proposition 6 (see [14"l Proposition 3]). Let <p G 0(D r ) and m be a 
moment function of order 1/k > 0. Then for every \z\ < e < r and 
n GN we have 

1 f r°° {e) e (wC) 

dlM Z ) = 77- <P <P(W) / CErnizQ^^-dQdw, 



2vri J H=£ J w( 
where 9 G (— argu> — — axgw + £ 



Using the above formula, we have defined in [TU Definition 8] a 
moment pseudodifferential operator X(d m>z ) : 0(D) — > O(D) as an op- 
erator satisfying 

X(d m>z )E m ((z) := X(()E m ((z) for |C| > r . 

Namely, if X(() is an analytic function for \(\ > r then X(d m>z ) is 
defined by 

i r r°° w e (Cw) 

X(d m , z )p(z) ■.= — & <p(w) / X(()E m ((z)^^-d(dw 



2vri Jj w | =e J roel 9 (w 

for every ip G 0(D r ) and \z\ < e < r, where 6 G (— argu; — ^, — argw+ 
—) 

2k' 

We extend this definition to the case where X(() is an analytic 
function of the variable £ = £ 1 / K for \(\ > ro (for some K G N and 
r > 0. Since (d m , z p)(z K ) = z (p(z K )) for every <p G O(D), where 
m{u) := m{u/K) (see [HI Lemma 3]), the operator X(d mtZ ) should sat- 
isfy the formula 

(4) (X(d m , z )<p)(z K ) = X(d^ 2 )(<p(z")) for every <pe0 1/K (D). 
For this reason we have 

Definition 13. Let m be a moment function of order 1/k > and 
A(C) be an analytic function of the variable £ = £ 1/,K for |£| > ro 
(for some k G N and ro > 0) of polynomial growth at infinity A 
moment pseudodifferential operator A(<9 m>2 ): 0\/ K (D) — >■ (9i/ K (.D) (or, 

more generally, A(<9 m2 ): E[[2;«]] — >■ E[[2«]] ) is defined by 
(5) 

X(d m , z )p(z) :=—J> p(w) / A(C)^(C 1/ ^ 1/K )^^rfC^ 



J\ w \ =e J roe ie (W 
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for every ip G Oi/ R (D r ) and \z\ < e < r, where m(u) := m(u/n), 
MCW") = E: = o^, G (-argw - i,-arg W + and 
§\ w \ =£ means that we integrate k times along the positively oriented 
circle of radius e. Here the integration in the inner integral is taken 
over a ray \re %e : r > ro}. 



Observe that 



00(e) 

(A(flU»(**) = ^- f v>W [ KC)E^C ,R z) e -^^dCdw 

2ktti J h=£ J (w 

roe 1 ® 

oo(9/k) 

= ^ / <P(w K ) [ \(( k )E^(z) e -^±d(dw = X{d^ z ){^% 

27TZ J\ w ,\ =£ J Qw 



v^/ K a iB Ik 
r Q e 



so holds for the operators X(d m>x ) defined by (jSJ). 

Immediately by the definition, we obtain the following connection 
between the moment Borel transform and the moment differentiation. 

Proposition 7. Let m and m' be moment functions. Then the op- 
erators B m i )X ,d mtX : E[[x]] — > E[[x]] satisfy the following commutation 
formulas for every u G E[[x]] and for m = mm' : 

i) B m > ,x9m,xU dfn,x^3m',xU, 

ii) B m i jX P(d m>x )u = P(dfn iX )B m i tX u for any polynomial P with con- 
stant coefficients. 

The same commutation formula holds if we replace P{d m%x ) by X(d miX ). 
Namely, we have 

Proposition 8. Let m and ml be moment functions and A(C) be an 
analytic function of the variable £ = f or I CI > r o (f or some k6N 
and r > 0) of polynomial growth at infinity. Then the operators 
B m i X i/ K , X(d mtX ) : E[[x 1 / K ]]o — > E[[x 1 / fi ]]o satisfy the commutation for- 
mula 

B m r x y K X{d m>x )u = X{d mjX )B m , x i/ K u 
for every u G E[[x 1 ^ K ]]o and for m = mm' . 
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Proof. Note that, by Proposition [TJ m = mm' is a moment function. 
Observe that by Definition [T3] we have 

B m , !X i/ K \(d m>x )u(x) 

u{w) I \(QB m , x , lK E^e /K x l ^) e -^^dCdw 



2 Km J H=£ J roel e Qw 

1 r U (w) r {e \(OE^ x ^) e -^d(dw 



2nni J H=£ J roe w m (w 

=X(d m>x )—i U(W) / B m ,, 1/ ,J^(C 1 /V/*)^^dCd«' 

=X(dfn :X )B m , X i/ K u(x) , 

where m(u) := m(u/ k) and m(w) := m(u/n) = m{u / K)m' {u / k) . □ 

Using Proposition [S] we are able to extend Definition [T3] to the formal 
power series and to the moment functions of real orders. 

Definition 14. Let s 6 1, m be a moment function of order s G 1R 
and A(£) be an analytic function of the variable £ = (}' K for |C| > r o of 
polynomial growth at infinity. A moment pseudodifferential operator 
A(<9 m ,z) for the formal power series (p G E[[z«]] s is defined by 

X{d m>z )(p(z) := B T __ jZ i/ K \(d m , z )B T _ z y K (p(z), 

where m = mT-g, s = max{s,s + 1} and the operator X(dm,z) is con- 
structed in Definition [T3l 

Definition 15 ([14, Definition 9]). We define a pole order q G Q and a 
leading term A G C \ {0} of X(Q as the numbers satisfying the formula 
lim^oo A(C)/C = A. We write it also A(C) ~ X( q . 

At the end of the section we improve the estimate given in [T4] 
Lemma 1] as follows 

Lemma 2. Let (p G C[[z«]] s; s < 0, m be a moment function of 
order 1/k > and X(d m ^ z ) be a moment pseudodifferential operator 
with A(C) ~ X( q and q G Q. Then there exist r > and A, B < oo 

sup|A^(9 m ,,)^)|<|AP"AB^r ?(a+1/fc) (;) /or j = 0, 1, . . . , 

|z|<r 

where q := max{0, q}. 

Proof. Repeating the proof of [HI Lemma 1], we may take r > and 
e r > such that 

sup \X j {d miZ )cp{z)\ < \X\ j A x B f 1/k ^\ l f \<p(w)\ d\w\ 



\z\<r E 39 2K-KE J\ w \ =£ 
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for some Ai, B\ < oo and for every e > e r such that D £ <s D and 
<p g 1/K (D). 

If s = then the assertion is given by the estimation 
' I \(p(w)\ d\w\ < A 2 . 

' |ui|=e 



2K7CE 



If s < then G 1 }^ 8 (C). So we estimate 

1 [ K i/ 
<z> |y(w)| d\w\ < A 2 e B2S s for every e > e r . 

2K7TS J\ w \ =£ 

Hence, putting e = (-f^)~ s and applying the Stirling formula (see [21 
Theorem 68]) we conclude that 

\\\iAB3Tn /k (j)e-'to 



sup lA^M*)! < ' ' , ^-1 < \X\ j AB% {s+1/k) {j). 



□ 

6. Formal solutions and Gevrey estimates 

In this section we study the formal solutions of the initial value 
problem for a general linear moment partial differential equation with 
constant coefficients 

P(d mi ,t,d m2 , z )u = 

^ lit u(0, z) = tp 5 {z) G C[[z\] (j = 0, . . . , n - 1), 

where m\, m 2 are moment functions of orders Si,s 2 G K respectively, 
and 



(6) 



(7) P(A,C) = Po(C)A"-^P :; (C)A^ 

3=1 

is a general polynomial of two variables, which is of order n with respect 
to A. 

First, we will show the following 

Proposition 9. Let andm 2 be moment functions, uE C[[t, z]] and 
v = B m > t B m > x u. Then u is a formal solution of (OJ) if and only ifv is 
a formal solution of 
(8) 

d^ ut v(0, z) = $j(z) := B m ^ z (pj(z) G C[[z)) for j = 0, . . . ,n- 1, 
where mi := m\m! x and m 2 := m 2 m 2 . 

Proof. (=>) We assume that u is a formal solution of (jH])- By Propo- 
sition [7] we have 

= B m ' itt B m ' 2tZ P(d muh d m2>z )u = 
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and 

8ffri,tu(0,z) = dL itt B m yB m > 2>z u(0, z) = B m < xtt B m ^ z & mi)t u{Q, z) 

for j = 0, . . . , n — 1. So u is a formal solution of ([S]). 

(<*=) Observe that w = Bi/m^tBi/m^u and = B x / m ' 2 ^j for j = 
0, . . . , n — 1. Repeating the first part of the proof with u replaced by v 
and tpj replaced by ipj, we obtain the assertion. □ 

If .Po(C) defined by <^ is not a constant, then a formal solution of 
([6]) is not uniquely determined. To avoid this inconvenience we choose 
some special solution which is already uniquely determined. To this end 
we factorise the moment differential operator P(d mitt ,d m2iZ ) as follows 

P(9 mi ,t, <9 m2)Z ) = Po{d m27Z )(d mit t — Ai(<9 m2>2 )) ni • • • (d mi j — Xi(d m2tZ )) n ' 

=: Po{d m2 ,z)P{d mit t, d m2jZ ), 

where Ax(C), • • • > Aj(C) are the roots of the characteristic equation 
P(X, C) = with multiplicity ni,...,ni (ni + ■ ■ • + ni = n) respec- 
tively. 

Since A a (C) are algebraic functions, we may assume that there exist 
K G N and tq < oo such that \ a {() are holomorphic functions of the 
variable £ = (for \(\ > r ) and, moreover, there exist \ a G C \ {0} 
and q a = fi a /v a (for some relatively prime numbers fi a G Z and v a G 
N) such that A a (C) ~ ^a( 9a for a = 1, Hence the moment 
pseudodifferential operators X a {d m2iZ ) are well-defined. 

Under the above assumption, by a normalised formal solution u of 
(jHJ) we mean such solution of (jHJ), which is also a solution of the pseu- 
dodifferential equation P(d mitt , d m2tZ )u = (see [HI Definition 10]). 

Now we are ready to study the Gevrey order of formal solution u of 
((HI), which depends on the orders Si,S2 G R of the moment functions 
mi, m 2 respectively, on the Gevrey order s G R of the initial data (p and 
depends on the pole orders q a G Q of the roots A a (£) (a = 1, . . . , I). 
We generalise the results for the analytic Cauchy data given in [TH 
Theorems 1 and 2] as follows 

Theorem 1. Let s G R and Zei u be a normalised formal solution of 

with (fj G C[[z]] s (j = 0, ...,n — 1) then u = YlL=i Xw?=i^a/8 
w a/ 3 feeing a formal solution of simple pseudodifferential equation 

{(d mi ,t ~ K{dm 2 ,z)yUat3 = 
<,^(M = (j = 0,...,/3-2) 

u>/jere ^(z) := J2jZq da/3j{d m2 , z )(pj{z) G C[[z*]] 8 and d a pj{C,) are 
some holomorphic functions of the variable £ = and of polyno- 
mial growth. 
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Moreover, if q a is a pole order of \ a (() andq a = max{0,g Q }, then 
a formal solution u a p is a Gevrey series of order q a (s2 + s) — Si with 
respect tot. More precisely, u a p G C[[£, ( S2+s )_ SljS or, equivalently, 

U a /3 G Gs,l/K[[t]\q a (s 2 +s)-Si- 

Proof. For fixed s > max{s, — s 2 } we define v := By T)Z u. By Proposi- 
tion |HJ v is a formal solution of 

i,(«(M) = ^(z) = B ri ^i(2)eC[[4-5 for j = 0, ...,n-l, 

where m 2 := m 2 Ts. Since m 2 is a moment function of order s + 
s 2 > and ipj are the Gevrey series of order s — s < for j = 
0, . . . , n — 1, repeating the proof of [HI Theorem 1] we conclude that 
v = J2 a =i YTb=i with v a p being a formal solution of 

{d mi ,t - K{dm 2 , z )Yv a p = 
d J mitt v af) (p,z) = (j = 0,.„,/3-2) 

9£ri^(o,«) = A^- 1 (a f7T2j2 )^(z), 

where $ap(z) : = X)"=o d apj(dm 2 , z )$j(z) G C[[*£]] a _ s and 4^(0 are 
some holomorphic functions of the variable £ = and of polynomial 
growth. Hence, by Definition [T5| u = Y^ a =i YTp=iU a p, where u a/ 3 = 
B v _ z i/nV a p satisfies (jH]) with 

n— 1 7i— 1 

i=o j=o 

for /3 = 1, . . . , n a and a = 1, . . . , I. 

To find the Gevrey order of v a p = Yl%,o v ai3j{. z )^ with respect to t, 
observe that by [J3J Lemma 2] and by Lemma [2] there exists r > such 
that 



sup \v a pj{z)\ = mi(0) 

\z\<r 



j \^P\ z \ <r \Kp(dm 2 ,z)^(z)\ 



(3-1) m x {j) 



for some A, £> < oo. It means that v a p G G s _s,i/K[[t}}q a (s 2 +s)-s 1 - Finally, 
by Proposition|l]we conclude that M a/ 3 = B v ___ Z i/ K v a p G G St i/ K [[t}]q a ( S2+s )- Sl 

or, equivalently, u af} G C[[*, z«]] 5a ( S2+s) _ SljS . □ 
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7. Analytic solutions 

In this section we study the analytic continuation properties of the 
sum of convergent formal power series solutions of 

( (d mu t-\(d m2 , z )) l3 v = 

(10) \ d} ni M0,z) = (j = 0,...,/3-2) 

( CXM = A'-^.-M*) G O a/ll (D), 

where A(C) is a root of the characteristic equation of ([H]). It means 
that A(£) is an analytic function of the variable £ = C 1 /" for |£| > r 
and A(£) ~ AC 2 . During this section we assume that mi and 7712 are 
moment functions of orders l/ki,l/k 2 > 0, respectively 

Repeating the proof of [HI Lemma 4] we get the following represen- 
tation of solution v of ffTUj) 

Lemma 3. Let v be a solution of / TiOj) and l/k\ > g/A^- T/ien r> belongs 
to the space 0\^/ K (D 2 ) and is given by 

v(t,z) = j^TT^t 1 ^ f <p(w) /^^(^(C))^^ 1 ^)^^^^, 

where 6 £ (— argu; — — argw; + ^f-) and rh 2 {u) = m 2 {u/ '«). 
We generalise [T4"l Lemma 5] as follows 

Lemma 4. Lei A(£) ~ A£ 9 fre a root 0/ £/ie characteristic equation of 
/or q = with relatively prime numbers /i, v £ N ; where A(£) 
is an analytic function of the variable £ = C 1 /' 1 /or |£| > r (/or some 
r > 0). Moreover, let\jh\ = q/k 2 , K > and d £ R. VFe assume 
that v is a solution of 

f - A(<9 m2 , 2 ))^ = 

\ <,^(0, = ^-(z) £ 1/K p) (j = 0, . . . , /3 - 1). 

//^ £ C 1 ^(-S'( (i+arg A+2fc7r)/9) for k = 0, . . . ,qn-l andj = 0,...,p-l, 
then v eO*f*(S d xS( d+ ^ g x+2kK)/ q ) fork = 0,...,qK-l. Moreover, if 
additionally ipj £ C(-D) forj = 0, . . . , 8 — 1, then v £ 1 y K (Sd+2nn/v x 

5 ? (d+argA+2fc7r)/<?) M /c = 0, . . . , OK - 1 Ofld fl = 0, . . . , 1/ - 1. 

Proof. First, we consider the case fci,&2 > 1/2- By the principle of 
superposition of solutions of linear equations, we may assume that v 
satisfies (HUD with <p £ C^(S , ((i+argA+ 2fc 7r )/ (? (5; r)) for A; = 0, . . . , qK - 1 

and for some 5, r > 0. Hence, by LemmaEl the function v £ Oi^/ K (D 2 ) 
has the integral representation 

(11) v(t,z) = j^^dr 1 ^ f <p(w)k(t,z,w)dw, 

(8 - 1)1 iKTXl /|,„| = , 
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where e < r and 

k{t,z,w):= / E mi {tm)E^C 1/K ^ K )^)^dC 

J roe" ' (W 

with 9 G (— argw — — argw + and fh 2 (u) = m 2 (/u//«). Now we 
consider the function 

(12) (t, z) i — y k(t, z, w) for every fixed wGC \ {0}. 

Observe that by Definition [2] there exist constants A; and bi (i = 1, 2, 3) 
such that |£ mi (tA(C))| < A^I'MCI*^ |^ ffi2 (C 1/ V/' s )| < A^I^W* 2 
and |e m2 (£u>)| < A 3 e~ 63 '^ 2 ' u '' 2 . Hence, there exist a, 6 > such that 
for every fixed w G C\{0} and for every (t, z) G C 2 satisfying \t\ < a\w\ q 
and \z\ < b\w\, we have 

\k(t,z,w)\< / Ae'^l*!* 1 ^*!*-*^)^ / Ae~~ bsk2 ^ k2 ds < oo 

with some positive constants A, b. Hence the function (fl2l) belongs to 
the space Oi t y K ({(t, z) G C 2 : |£| < a|w| 9 , \z\ < b\w\}) and the right- 
hand side of (TTTT) is a well-defined holomorphic function of the variables 
t and C = z x l K in a complex neighbourhood of the origin. 

To show that v G lt i/ K (S d x S , (d+ar g A+2/br)/q) for = 1, . . . , qn - 1, 
we deform the K-fold circle \w\ = £ in the integral representation (II ip 
of f as in the proof of [HI Lemma 5] . Namely, we split these circles into 
2qK arcs and 72*1+1 = 0, . . . , qn — 1), where 72^ extends between 
points of argument (ci + arg A + 2£;7r)/g±<5/3 and 72^+1 extends between 
(d + axg \ + 2kTt)/q + 5/3 and (d+arg A + 2(fc + l)7r)/g — 5/3 mod 2g/t7r. 
Finally, since y? G C , i/ K (5' ((i+argA+ 2fc7r)/ g (5)), we may deform 7 2fc into a 
path 72^, along the ray argw = (d + argA + 2kn)/q — 5/3 to a point 
with modulus R (which can be chosen arbitrarily large), then along the 
circle \w\ = R to the ray argu> = (d + argA + 2kn)/q + 5/3 and back 
along this ray to the original circle. So, we have 

£/3-l £/3-l 



where 



and 



. . ^-^ "7,1 (0) f , . , , . , 

Vi{t,z):= y — r / if(w)k{t,z,w)dw 

L — 4 2k7TI L, 

1 n <J ^Ik-Ll 



k=0 J l2k+1 
qn—1 



. . mi(0) f . . , , 
f 2 (t, z) := > — / (p{w)k{t,z,w)dw. 

k=0 J ^2k 

To study the analytic continuation of vi, observe that for argt = d, 
arg z — (d + arg A + 2kn) /q (k = 0, . . . , qn — 1), arg w 7^ (d + arg A + 
2kir)/q (k G Z) and for q = k 2 /k\, we may choose a direction 9 in ( TT2|) . 
which satisfies the following conditions 
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f 71 71 \ 

argt + 2kix + arg A + q9 G — — , 2n — for some k G Z 

V2/ci 2ki/ 

(in this case, by Definition^ we have \E mi (t\(())\ < C|tA(C)| _1 
as ( — > oo, argC = 0), 



/ 7T 7T \ 

arg z/k + 2ln + 6/k G — — , 2-7T — ) for some Z G Z 

\2k 2 n 2k 2 nJ 

(in this case, by Definition^ we have |^ 2 (C 1/k 2 1 / k )| < C"|C*| 
as C — ^ oo, argC = 0), 

/ 7T 7T \ 

arg w + 2n7r + 6 G — , —— for some n G Z 

V 2/c 2 2k 2 / 

(in this case, by Definition [21 there exists e > such that 



<e e '''' fc2 as ( — > oo, argC 



— < r "- <- ' ' 

(w 

Hence there exist 5 > and r > such that the function v\ G 
Ci.i/^OSd^r) x S , (d+ a rgA+2fc 7 r)/<z (#;?")) for fc = 0, . . . , g/e - 1. More- 
over, there exists C < oo such that \k(t, z, w)\ < C for every (t,z) G 

arg A+2fc7r) /g 

(S;r) and for every w G Ufc=o 72fe+i- Hence 
\vi(t,z)\< max / \ip(w)\C d\w\ < C < oo 

2K7T k=0,...,qK-l 

and we conclude that v\ is bounded as t — > oo and z — > oo. 

Now we are ready to study the analytic continuation of v 2 , Since the 
function (fT2l) belongs to the space Ot i / K ({(t, z) G C 2 : \t\ < a|u;| 9 , \z\ < 

&H}),one can find 5, r > such that v 2 G O hl / K (S d (5;r)xS^ d+aTgX +2kn)/q(S;r)) 
for k = 0, . . . ,qn — l as R tends to infinity. Estimating this integral we 
obtain 

|„ 2 ( M )|<^. max / \ v ( w )\Cd\w\<ARe BRqK <Ae^ K+ ^ qK , 

2n7l fe=0,...,g/c-l Ir 
'2k 

since \t\ ~ |u>| 9 = R q and \z\ ~ \w\. 

Hence also v G 0?f*(S d x S( d+aisX +2kTr)/q) for /c = 0, . . . , g« — 1. 

In general case fci, /c 2 > 0, there exists peN such that fci := > 
1/2 and k 2 := p/c 2 > 1/2. By [HI Lemma 3], the function w(t,z) := 
f (t p , z p ) is a solution of 

- mjy™ = o, 

z ) = ( Pn(z p ) G Ci/f (5 , ( d+arg A+2fc7r)/p< ? ) for n = 0, . . . , /3 - 1 
3~ lit u;(0, z) = for j = 1, . . . , 0p - 1 and p / j, 

where mi(«) := m\{u/p) and m 2 {u) := m 2 (u/p) are moment functions 
of order and l//c 2 respectively. 
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By Theorem [T] we conclude that w = w + ■ ■ ■ + w p _i with Wj (j = 
0, . . . , p — 1) satisfying 

d mi,t w i(°i z ) = Vjn{z) G OP q X{S {d+axs ,x+2kK)/p q ) for n = 0, . . . , /3 - 1. 

Applying the first part of the proof to the above equation we see that 
Wj(t,z) G C^^ jFsr (5'( cZ+ 2j 7r )/p x S( d+argX+ 2kn)/ P q) for j = 1, . . . ,p. It 

means that v(t, z) = w(t 1/p ,z 1/p ) G Of^(S d x S( d+argX +2kn)/ q ) for 
k — 0, . . . , qK — 1. 

To prove the last part of the lemma, observe that if ipj G C y t ,{S^ d+axg \+2kn)/ q ) 
and (fj G C?(£)) then also (p 5 G O qK (S( d+axg A+2fc7r)/g) and consequently 
(fj G C ) ^(5'(d + 2n7r/z.+argA+2A ;7 r)/g) fom = 0, ...,!/- 1. Hence, replacing 
d by d + 2nn/u we conclude that t> G 0^(4+2^/, x 5 , (cZ+ar g A+2 fc 7r )/ (? ) 
for n = 0, . . . , v — 1 and k = 0, . . . , qK — 1. □ 

Now we are ready to generalise p3| Theorem 3] as follows 

Theorem 2. Lei A(C) ~ ^C q ^ e a ro °t °f the characteristic equation 
of (0|) for q = iijv with relatively prime numbers p,,v G N, where 
A(C) an analytic function of the variable £ = C, l ^ K for \(\ > ro (for 
some r > 0). Moreover, let us assume that v is a solution of HU\) . 

= q/k 2 , K > and d G R. T/ien £/ie following conditions are 
equivalent: 

(a) G C^(5 ; (d+argA+2fc7r)/g) for k = 0, . . . , qK - 1, 

(b) V G O^J(Sd X S , ( (i+ . BC gA+2*7r)/g) for k = 0, . . . , qK - 1. 

(c) „ G 0£ 1/l( (§, x £>), 

( d ) ^vX*, °) G °* (&) /or j = 0, . . . , 9 k/3 - 1. 

// additionally we assume that <p G O(D) then the above conditions are 
also equivalent to 

(e) u G C^l/f {S d+2 mr/ v x 5 {d+arg A+ 2fe 7r )/ g ) /or n = 0, . . . , v - 1 and 
k — 0, . . . , qK — 1, 

(f) v G 0f 1/re (3d + 2mr/* x D) for n — 0, . . . , v — 1, 

Proof. The implication (a) =>- (b) is given immediately by Lemma HI 
The implications (b) =>■ (c) and (c) =>- (d) are trivial. To prove the 
implication (d) =>- (a), observe that by [TH Lemma 3] the function 

w(t,z) := v(t gK , z K ) satisfies 

where fhx(u) := mi(u/qK) and m 2 (w) := tti^u/k) are moment func- 
tions of orders := l/k-^qn and 1/A: 2 := \jk<iK. It means that w is 
also a solution of the equation 
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where 

3^.(0 := e «t*j/ qKx l/qK(^ for j = 0, . . . , g« - 1. 

Since Aj(C) is an analytic function for sufficiently large \(\ with a pole 
order equal to 1 (more precisely \j(C) ~ e !2 ^/^A 1/9K () and l/A* = 
1//C2, by [HI Lemma 7] and by the condition (d), the function w satisfies 
also 

(<9m 2 , z - Aq l {dfh } ,t)f • ■ ■ ipmi,z - Xqt-iidmt^yw = 0, 

for n = 0, . . . , qKp — 1 and k = 0, . . . , qK — 1. Hence, by Theorem [T], 
w = w + • • • + w qK ^i with u>j (J = 0, . . . , qK — 1) satisfying 

(<9m 2 , 2 - Aj^^t))^- = 0, 

^ 2l ^i(*>0) = e o^ K (s (d+27Tk)/qK ) 

for n = 0, . . . , (3 — 1, k = 0, . . . ,qn — l. Since AjV) ~ e -^i/^\-y^ T ^ 
by Lemma H] with replaced variables, we conclude that Wj(t,z) G 
O qnK {D x S^J, where 

ifc := {d + 27Tk)/qK-aTg{e- i2n3/qK X- 1/qK ) = (d + arg A + 2tt(A; + j))/qn 

for /c = 0, . . . , qK — 1. In consequence, also tu(t, 2) G O qKK (D x 
and finally = u^V^V") e 0**^(1) x 

5 , (d+ar g A+27rfc)/g)- In particular <p(z) G C , i^.(5 , ( d+arg A+27rfe)/< ? ) for k = 
0, . . . , qK — 1, which proves the implication (d) =>■ (a). 

If additionally ip G £>(£>) then also ip G C ,9 ^(5 , ( (i+2 „ 7r / I , + argA+2fc7r)/ g ) 
for n = 0, . . . , v — 1. Hence, replacing d by ci + 2nir/u we conclude by 
LemmaHthat u G (^+2^ x S {d+argX+2 k7r)/q) for n = 0, . . . , v-1 

and k = 0, . . . , qK — 1 an the implication (a) =>■ (e) holds. The last 
implications (e) =>■ (f) and (f) =>■ (c) are obvious. □ 

By the above theorem we conclude 

Corollary 1. If K' > 0, d! G R, if G K ' and m is a moment 
function of order 0, then also B miZ (f G K (Sd<)- 

Proof. Let v be a solution of 

(d t -<9> = 0, DtC^^eO^'fo 

Then v(t, z) = <p(t + z)e O k ' (S d > x D) . Since m is a moment function 
of order 0, we see that also B riljZ v G O k> (Sd> x D). On the other hand, 
by Proposition [9j B m>z v is a solution of 

(dt - dr im ,z)B m ,zV = 0, B mjZ v(0, z) = B m , z ip(z) G 0{D). 
Hence, applying Theorem [21 we conclude that B m ^ z (p G K '(S d ')- □ 
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8. SUMMABLE AND MULTISUMMABLE SOLUTIONS 

In this section we characterise summable formal solutions u of in 
terms of the Cauchy data (p. Next, we also give a similar characterisa- 
tion of multisummable normalised formal solutions of general equation 
©. 

Applying Theorem [2] we obtain the following impressive character- 
isation of summable solutions of simple pseudodifferential equations 
& 

Theorem 3. Let X(() ~ X( q be a root of the characteristic equation 
of (EP f or q = n/v with relatively prime numbers fi,u G N, where 
A(C) is an analytic function of the variable £ = for \(\ > ro (for 
some ro > 0). We also assume that mi, m<i are moment functions 
of orders Si,S2 G R respectively, d, s G M., s > —S2, q > K = 

(q(s2 + s) — Si) 1 and u is a formal solution of 

- Kdm 2 ,z)Yu = 

di nijt u(a,z) = o (j = O,...,0-2) 

= \P-\d m2>z )<p(z) G C[[z- K ]] s . 
Then the following conditions are equivalent: 

( a ) ^r s , 2 i/«^ G O q y K (S {d+avgX+ 2k7T)/ q ) fork = Q,...,qK — l, 

(b) B Tl/K , t B T3tZl/ S G 0« l/K {S d x D), 

(c) B Tl/K ,tBr 3!Z i/ K u G Of{ 9 / *(S d xS( d+axs x+2kK)/ q ) fork — 0, ... , qn- 
1, 

(d) B Fs tZ i/K(p is qK -summable in the directions (d + argA + 
2kir)/q for k — 0, . . . , qK — 1, 

(e) u(t, z) G is K-summable in the direction d, 

Moreover, if additionally s > and q$2 > s\ then the above conditions 
(a)-(e) are also equivalent to 

(f) u(t, z) G C[[t, z«]] is (K, 1/ s)-summable in the directions (d, (d+ 
arg A + 2k7i) / q) for k = 0, . . . , qK — 1, 

(g) u(t,z) G C[[t, z*]] is (K, 1 /s)- summable in the directions 

O di ( d+SuTg \ + 2kn)/q for k = 0, . . . , qK - I, 

Remark 8. If we assume additionally that if G 0{D) then we may 
replace the direction d by d + 2ms jv (n = 0, . . . , z/ — 1). Hence the 
conditions (a)-(e) are also equivalent to 

(h) B ri/K>t B Ts Z i/ K u G 0^ 1/K (S d+ 2nir/u x D) for n = 0, . . . , v - 1, 

(i) B Vl/K ,tB Vs>z l/ K U G C^i/f (S d +2nir/u X ^(d+arg A+2fc7r)/< 7 ) for 71 = 

0, . . . , v — 1 and k — 0, . . . , qK — 1, 
(j) u(t,z) G G S: i/ K [[t]] is i^-summable in the directions d+ 2wk/v 
for n = 0, . . . , v — 1, 

and the conditions (f)-(g) are equivalent to 
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(k) u(t,z) G C[[t,z*]] is (K, l/s)-summable in the directions (d + 
2nn /u,(d + arg A + 2 kn) /q) for k — 0, . . . , qn — 1 and n = 
0,...,u-l. 

(1) u(t,z) G C[[t, z«]] is (K, l/s)-summable in the directions 
O d+ 2nn/u,(d+^ g x+2k7r)/q for fc = 0, . . . , qK - 1 and ra = 0, . . . , v-1. 

Proof of Theorem^ First, observe that by Propositions [7] and [8] the 
function v := Br 1 , K ,tB VsZ i/ K u satisfies the equation 

(drn ut - Kdm^fv = 
3^(0, *) = (j = 0,...,/3-2) 
4>(M = A^ 1 ^,,)^/^) G Ox/«p), 

where mi := miri/^ is a moment function of order l/k\ := + 
1/K = q(s2 + s) > and % := m2T s is a moment function of order 
I//C2 := S2 + s > 0. Since l/ki = q/k 2 , applying Theorem [2] to v we 
conclude that the properties (a)-(c) are equivalent. 

Moreover, by Remark [5] we obtain the equivalence (b) (e). 

To show the equivalence between (a) and (d), observe that B Ts _ s ^i/n(p 
is gi^-summable in directions (d + arg A + 2kn) / q for k — 0, . . . , qK — 1 
if and only if B Vi/qKtZ i/ K B v ^ /q _ s ^ z i/ K (p G Olf /K (S (d+axgX+2k ^/ g ) for k = 
0, . . . , qK — 1. By Proposition [3] and Corollary [TJ it is equivalent to (a). 

Now we assume additionally that s > and gs2 > si- To find 
the equivalence between (f) and the previous conditions (a)-(e), it 
is sufficient to show implications (c) =>- (f) and (f) =>- (b). To this 
end observe that qK < 1/s. Hence if Br 1/K ,tB rsiZ i/KU G Of^(Sd x 

S(d+aTg\+2kTr)/q) then also B^ 1/K)t B Ta)Z i/ K u G O^^Sd x S( d+ 

arg X+2kir) / q ) 

(for fc = 0, . . . , g/c — 1) and consequently by Definition [10] we con- 
clude (f). In the opposite side, if u satisfies (f) then Br 1/Kt tB-p syZ i/KU G 

°ii/K^d x S (d+; ,rgx+2kn)/ q )- In particular, Br 1/K>t B rs)Z i/ K w G x 
£)), which gives (b). 

Next we show the equivalence (c) (g). By Proposition El u(t, z) = 
Y^ n =o u jnt j z n/K is (K, 1/s) summable in the direction Od,(d+ex S x+2kn)/q 
if and only if 

oo 

v(t,z) := E r(1+J y; +sn/K) ^ A e <^(5 d x^ +argA+2M/g ). 
So, it is sufficient to show 

V G (^{^(Srf X S'( ( i+argA+2fc7r)/< ? ) V G Ofy^(Sd X S'( ( i+argA+2fc7r)/ g )- 

By Lemma[T]we get the following connection between V(£, 2) := v(t, z K ) 
and V(t, z) := £ K ) 

Is/" 1 
V{t, z) = {l + —tdt + -zd z ) / V(te 1/K , z{l - e) s/K ) de. 
K k J Q 
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By the above formula and by the assumption Kq < 1/s we con- 
clude that if V G Ofy^(S d X S(d+axg\+2kn)/q 

) then v G Of^(S d x 



are 

To show the implication in the opposite side, we use the connection 
between the boundary conditions for v and v. Namely, since 



oo 

fp m m = m2[n) V Ujn t> 



and 



we get 



oo 



m 2 (0) ^r(l+j/tf)r(l + sn/«) 



^ 2 , 2 v^(t,0)=^,^ 2 ^(t,0), 



where m'(u) := r 5, 1+ )"i!Il s "^i ; is a moment function of order for 
0, . . . , qnfi - 1. So, since #L 0) G K (S d ) 1 by Corollary ffl 



we see that also 9?L gl / K v(t, 0) G O (Sd) forn = 0, . . . , — 1. Hence, 
by Theorem [2] we conclude that v G Off*(S d x 5 (d+ar g A+2 fc 7r )/ (? ). □ 

Now we return to the general equation ($5$). For convenience we 
assume that 

n l a 
a=l 0=1 

where \ a p(C) ~ -"WC 9 " are the roots of the characteristic equation 
P(A, C) = with pole orders q a G Q and leading terms G C \ {0} 
for /? = 1, . . . , l a and a = 1, . . . , n. 

We also assume that s, si, s 2 G R, si > 0, s + s 2 > and ^ G C[[z]] s 
for j = 0, n— 1. Without loss of generality we may assume that there 
exist exactly N pole orders of the roots of the characteristic equation, 
which are greater than j^j, say < q\ < • • ■ < q^ < oo and let 
K a > be defined by K a := (g a (s 2 + s) — si) -1 for a = 1, . . . , N. 

By Theorem [TJ the normalised formal solution u of ([6]) is given by 

n l a n ufi 

(14) ^=$^$^5^^/37 

a=l 0=1 7=1 

with w a/ 3 7 satisfying 

3LtWa0 7 ( O > 2 ) = for i = °> • • • > 7 - 2 

^mi,t^a0"f 
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where (p a ^{z) = Y^=o d a^j{d m2 , z )%{z) G C[[z«]] 8 and d a ^j(C) are 
holomorphic functions of the variable £ = C, 1 ^ of polynomial growth at 
infinity. 

Since q a < for a — N + 1, . . . , n, by Theorem [1], is conver- 
gent for 7 = 1, ... , nap, (3 = 1, . . . , l a and a — N + 1, . . . , n. 

Under the above conditions, immediately by Theorem [3] we get (see 
also [HI Theorem 5]) 

Theorem 4. Let (di, . . . , (In) G K be an admissible multidirection 
with respect to (Ki, . . . , K N ) and let q a = fi a /v a with relatively prime 
numbers ^ a) v a GN for a = 1, . . . , N. We assume that 

for every j = 0, . . . , n — I, n a = 0, . . . , fi a — 1, (3 = 1, . . . , l a and 
a = 1, . . . , N. Then the normalised formal solution u G G S) i/ K [[£]] of 
([6]) is (Ki, . . . , K^-multisummable in the multidirection (di, . . . , (ijv). 

In general, the sufficient condition for the multisummability of u 
given in Theorem [5] is not necessary, since the multisummability of u 
satisfying (fl4T) does not imply the summability of u a ^ (see [HI Ex- 
ample 2]). For this reason, following [14J, we define a kind of multi- 
summability for which that implication holds. 

Definition 16. Let (d\, . . . , d^) be an admissible multidirection with 
respect to (Ki, . . . , K^). We say that u is (Ki, . . . , K^-multisummable 
in the multidirection (di, . . . , d^) with respect to the decomposition 
(TT^P if Ua/3-y is i^a-summable in the direction d a (for a = 1, . . .,N) 
and is convergent (for a = N + 1, . . . , n), where (3 = 1, . . . , l a and 
7 = 1,.. .,n al3 . 

Repeating the proof of [141 Theorem 6] with [T31 Theorem 4] replaced 
by Theorem [31 we conclude 

Theorem 5. Let (d\, . . . , d^) G M. N be an admissible multidirection 
with respect to (Ki, . . . , K N ) and let q Q = ii a jv a with relatively prime 
numbers [i a ^ v a £ N for a = 1, . . . , N. We assume that u is the nor- 
malised formal solution of 

{P(d mijt ,d m2)Z )u= 
d> mitt u(p,z) = (j = 0,...,n-2) 
^o,z) = ^)gC[[4 

Then u G G Sj i/ K [[t]] is (Ki, . . . , K^-multisummable in the multidirec- 
tion (d±, . . . , djy) with respect to the decomposition [Lfy if and only if 

for every n a — 0, . . . , fi a — 1, {3 — 1, . . . , l a and a = 1, . . . , N. 
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Remark 9. Analogously, one can also consider the multisummability in 
two variables using the approaches given by Sanz or Balser. By Theo- 
rem [3] we obtain the same characterisation of multisummable solutions 
in two variables as in Theorems H] and 

9. An example 

In this section we give a simple example illustrating the developed 
theory. For fixed q G N and s G M we discuss the solution of the 
equation 

(15) (d t - dl)u = 0, u(0, z) = <p{z) G C[[*]] 8 . 

Observe that u satisfies equation (d mitt — A(<9 m2i2 ))w = with the mo- 
ment functions mi = m 2 = I\ and X(() = ( q . We have 

Corollary 2. Let s G R, q G N andu be a formal power series solution 
of (T75)) . Then the following conditions are equivalent: 

1) u(0,z) eC[[z]] s . 

2) u(i,0)eC[[% 1+lH . 

3) u(t,z) G C[[t,z]]g(i +s )_i jS . 

Proof. The implications 3) =^ 2) and 3) =^ 1) are obvious. The impli- 
cation 1) =>- 3) follows from Theorem [TJ So, it is sufficient to show the 
implication 2) =^3). To this end, observe that u satisfies the equation 

(d z - X 1 (d t )) ■■■(d z - X q (d t ))u = 0, u(t, 0) G C[[t]} qil+syi , 

where A n (C) = e i2n7r/q ( 1/q for n = 1, . . . , q. 

Hence, by Theorem [T] with replaced variables t and z, we get u = 
u\ + • • • + u g , where u n satisfies the equation (d z — \ n (d t ))u n = 
and u n G C[[t, z]] g (i +s )_i iS for n = 1, . . . , q. It means that also u G 
C[{t, z]] q(1+s) _ ljS . □ 

Assuming s = (resp. s < 0) in Corollary [2J replacing u and <J? in 
( 0*5"]) by their sums u and and applying Remark HI we obtain 

Corollary 3. The solution u of / T73]) is t- analytic in a complex neigh- 
bourhood of the origin if and only if <p G O(D) (for q = 1) and 

q 

ip G d?«- T (C) (for q = 2,3,...). Furthermore, the solution u of 
173]) is t- entire of exponential growth of order k > if and only if 

kg 

^ (Z £)fc(9-l) + l(C). 

By Theorem [3] we obtain immediately 

Proposition 10. Let d £ ¥L, u be a formal power series solution of / T73]) 
and q(l + s) — 1 > 0. T/ien t/ie following conditions are equivalent: 

1. m G G Sj i[[t]] is (q(l + s) — V)^ 1 - summable in the direction d. 

2. Br.jp eO^^(S {d+2kw)/q ) (for k = 0, . . . , q - I). 

3. Br 1/q _ llZ <fi is g ( 1+ 9 s )_ 1 -summable in the directions (d + 2kir)/q for 
k = 0,...,q-l. 
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If additionally s > then the conditions 1.-3. are equivalent to 

4. u G C[[t, z]] is ((q(l + s) — s~ 1 )-summable in the directions 
(d, {d + 2k-K)/q)) for k — 0, ... ,q — I. 

5. « G C[[f, z]] is ((q(l + s) — s~ l )-summable in the directions 
O d ,(d+2k7T)/ q for k = 0, . . . , q - 1. 
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